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Abstract
- The profile of the fluorescent iron line from black hole accretion disks is a powerful diagnostic of
black hole properties, such as spin and inclination. The state-of-the-art, however, considers an accretion
disk whose angular momentum is aligned with that of the black hole; this is a very constraining
assumption which is unlikely to apply to many or even most astrophysical systems. Here, we present
the first simulation of the reflection spectrum from warped accretion disks using a realistic model of
the reflected emission based on the xillver code. We present the effects that the radial location of
the warp and the tilt angle have on the line profile, and highlight that the results are highly dependent
on the azimuth position of the observer relative to the tilt angle. We fit these profiles in xspec with
the standard relxill lamppost model to quantify the effect that neglecting the disk warps has on the
inferred black hole spins and inclinations. We show that fits with two-component relxill can be used
to derive more accurate spin and inclination estimates.
Keywords: accretion, accretion disks – black hole physics – gravitation
1. INTRODUCTION
Emission lines are a powerful tool for probing the ge-
ometry and structure of the inner accretion flows of com-
pact objects. In the case of stellar mass and super-
massive black holes, the fluorescent iron Kα emission
has proven to be a particular powerful diagnostic (e.g.
Reynolds & Nowak 2003; Brenneman & Reynolds 2006;
McClintock et al. 2011). In some objects, this line is
broadened by the gravitational redshift from the poten-
tial well and Doppler shift from the orbital motion of
the disk plasma. The line shape depends on many pa-
rameters, including the emissivity profile of the disk, the
ionization state of the disk material, the inner edge of
the disk, and the inclination of the observer relative to
the angular momentum vector of the disk. When study-
ing the spectra of black holes (BH), the inclination and
spin of the BH are often inferred from a fit to the data
assuming that the disk is geometrically thin with parallel
BH spin and accretion disk spin axes. This assumption,
although common, may not be accurate in a significant
fraction of observed objects. A misalignment of the BH
spin and the binary orbit (stellar mass black holes) or
the inner gas flow (supermassive black holes) can lead
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to a warped or fragmented accretion disk. For example,
Bardeen & Petterson (1975) conjectured that the com-
bination of the viscosity of the accreting plasma and the
general relativistic Lense-Thirring precession will align
the inner accretion disk axis with the BH spin axis. In
black hole binaries, the supernova may kick the BH out
of alignment with the companion star as it forms; as
many as 60 % may have misalignments between 5◦ and
45◦ (Brandt & Podsiadlowski 1995). In active galac-
tic nuclei (AGN), the scale of the supermassive black
hole (SMBH) is tiny compared to the matter falling
onto it, so there is no preferred direction that would
make aligned accretion a natural assumption; in addi-
tion, mergers of galaxies may form misaligned accretion
disks (King et al. 2005). Recent general relativistic mag-
netohydrodynamic (GRMHD) simulations confirm that
oblique accretion can indeed lead to a warped accretion
disk (Liska et al. 2018). The simulations indicate that
the warp can occur closer to the BH than previously
thought. Liska et al. (2019), for example, showed that
around a BH with spin a = 0.9375, a disk with aspect
ratio H/R = 0.03 and initial misalignment of 10◦ enters
a persistent warped configuration where the disk aligned
with the BH inside 5 rg
Since warped disks may be relatively common, it is
important to understand how the disk warp impacts the
observed properties of the X-ray emission. Fragile et
al. (2005) showed that the iron line profiles are sensi-
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tive to the tilt and radius of the warp (see also Wang
& Li 2012). Fragile et al. (2005) argue that the broad-
ened iron line of the AGN MCG–6-30-15 may require
a warped disk model. Ingram & Done (2012) linked
the change in median iron line energy to the frequency
of quasi-periodic oscillations (QPOs) if the QPO comes
from precession of the inclined hot inner flow. Cheng
et al. (2016) and Abarr & Krawczynski (2020) studied
the impact of the disk warp on the polarization of the
thermal and reflected disk emission. The predicted sig-
natures may become measurable with the Imaging X-ray
Polarization Explorer (IXPE) to be launched in 2021 or
2022 (O’Dell et al. 2018).
In this paper, we present results from modeling the
reflected emission in greater detail than before. We as-
sume a lamppost geometry to infer the irradiation of
the accretion disk with hard X-rays (rather than assum-
ing a power law emissivity profile). Furthermore, we
replace the delta function line emissivity in the plasma
frame ( ∝ δ(E − 6.4 keV)) used by Fragile et al. (2005)
and Wang & Li (2012) with the inclination dependent
reflection energy spectrum inferred from detailed radia-
tion transport calculations (Garc´ıa et al. 2013). Invok-
ing simplifying assumptions (i.e. neglecting radiative
heating of the emitting plasma), we explore the impact
of photons that scatter in the warped disk configura-
tion. For the first time, we present results from fitting
the results with the commonly used relxill lp model
(Garc´ıa et al. 2014) and show how the warp impacts
the inferred BH disk properties, such as inclination and
spin.
The outline of this paper is as follows. In Section 2, we
describe the ray-tracing code and define the geometry of
the warped accretion disk. In Section 3, we present the
simulated energy spectra, including the contribution of
photons which scatter multiple times off the disk, and
show how the line profiles change as a function of the
warp geometry. In Section 4 we fit the simulated en-
ergy spectra with relxill lp, emphasizing that some
of the energy spectra can be fit rather well with a two-
component disk model. Finally, in Section 5, we sum-
marize our results.
2. METHODS
2.1. General Relativistic Ray-Tracing Code
Our ray tracing code consists of an accretion disk
extending from the innermost stable circular orbit, or
ISCO (which is dependent upon the spin of the BH) out
to 100 rg. At some radius rBP, it transitions from being
aligned with the spin of the BH to being misaligned by
an angle β; this configuration is shown in Figure 1.
Figure 1. The warped disk model we use is defined by four
parameters: the BH spin a (which determines rISCO, the
radius rBP at which the disk transitions from aligned with
the BH spin axis to misaligned, the angle of misalignment β,
and the height h of the lamppost corona. This image of the
disk is from an observer located at θ = 90◦, φ = 270◦.
Photon beams are either generated in the disk (”ther-
mal photons”) or in a lamppost corona at height h above
the BH (”power law photons”); the lamppost is off-
set by 1◦ from the spin axis to avoid the coordinate
singularity. Once emitted in the plasma rest frame,
we transform their wave vectors into the global Boyer-
Lindquist coordinate system, and integrate the geodesics
with the Cash-Karp method Cash & Karp (1990) until
the geodesic comes within 2% of the event horizon of
the BH or reaches a coordinate stationary observer lo-
cated at 10 000 rg. In the latter case, the wave vector is
transformed into the reference frame of the observer for
analysis. In our analysis, we tie the θ-position of the ob-
server to the inclination of the inner disk: iin = θ. This
means that the inclination of the outer disk iout varies
as the azimuthal position φ of the observer changes. All
of these angles are all linked by
iout = arccos (cos iin cosβ − sin iin cosφ sinβ) . (1)
For our outer disk, the ascending node of the orbit
plasma is at θ = 90◦ and the descending node is at θ =
270◦.
When a photon beam crosses the accretion disk it is
reflected by transforming its wave vector into the ac-
cretion disk frame, using the results of Chandrasekhar
(1960) for reflecting photons off a indefinitely thick elec-
tron gas, and transforming the beam back into the global
Boyer-Lindquist coordinate frame.
By tracing our beams forward in time, we can ac-
count for multiple scatterings of the photon beams. For
an overview of the code as originally written, includ-
ing its ability to account for polarized scattering, see
Krawczynski (2012). For a more detailed description
of our warped disk model, see Abarr & Krawczynski
(2020).
2.2. Iron Line Emission
For the iron emission in the plasma frame of the accre-
tion disk, we use the xillver library, detailed in Garc´ıa
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Figure 2. Exemplary xillver energy spectrum used to
generate photons in the rest frame of the disk plasma for
photons emitted at an inclination of 75◦. We use typical
disk parameters for an AGN accretion disk: Γ = 2, AFe =
1, log(ξ) = 1.3.
et al. (2013). We have used xillver to create the re-
flected spectrum centered on the rest-frame iron line en-
ergy (6.4 keV) for disk inclinations at each integer an-
gle between 0◦ and 90◦; the iron line flux changes by
about an order of magnitude over this range. In their
Figure 11, Garc´ıa et al. (2013) shows Fe K spectra for
different ionization parameters; we take the appropriate
spectrum from xillver based on the ionization state. In
this paper we focus on the reflected emission from AGN
(though this procedure would also be valid for binary
BHs by using different parameters), so we use a lamp-
post power law index Γ = 2 and an ionization parameter
log(ξ) = 1.3; for a disk viewed at 75◦ inclination, this
spectrum is shown in Figure 2.
For every photon beam seen by an observer during
analysis, we take the xillver spectrum for the emis-
sion angle of that beam in the plasma frame of its final
reflection, and shift the profile based on its frequency
shift over the geodesic between emission and detection at
the observer, including transformation out of the plasma
frame and into the coordinate stationary observer frame.
3. IRON EMISSION FROM WARPED DISKS
In this paper we track photon beams originating in
the lamppost corona. We vary β, rBP, and h, but for
all simulations we use a BH spin of a = 0.9 since the
affect of spin on the iron line profile is well studied (see
e.g. Reynolds & Nowak 2003). Our default simulation
parameters are rBP = 15 rg, β = 15
◦, and h = 5 rg; if
not otherwise stated, these will be the parameters used.
In Figure 3 we break down the iron line profile for our
standard simulation observed from φ = 270◦, θ = 75◦
into the contributions from photon beams which scatter
once off either the inner or outer disk. We see that each
contributes a blue and red horn, and so even though
the blueshifted peak of the inner disk is the dominant
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Figure 3. For a simulation with rBP = 15 rg, β = 15
◦ and
an observer located at φ = 270◦, θ = 75◦, the total reflected
flux (in black) is broken down into contributions from the
photons reflected off the inner disk (blue) or outer disk (red).
feature, there is an enhancement in the profile at the
peak red and blue energies from the outer disk.
3.1. Multiply scattering photons
Previous studies have used backwards ray-tracing
codes, which cannot account for photon beams which
are incident on the disk multiple times before arriving
at the observer. With our forward ray-tracing code, we
can track photon beams through an arbitrary number
of scattering events before reaching the observer, allow-
ing us to investigate the effect this has on the iron line
profile. The question of how to weight photons which
scatter multiple times is a difficult one. If we consider a
beam which scatters twice, for example, at the second
scattering the incident flux would not be a pure power
law, like xillver assumes; it would instead be a com-
bination of the power law and the fluorescence from the
first scattering.
To get a rough approximation of the magnitude of
multiple scatterings, we do the following. For photons
which scatter multiple times, we take the xillver spec-
trum of the first scattering event. Then, we apply the
frequency shift of the geodesic from the final scattering
event to the the coordinate stationary observer. This
profile will obviously not be accurate, but should give
us a useful estimate of how much of a correction the
inclusion multiple scatterings would be.
In Figure 4, we show result from this analysis. There
is an approximately order of magnitude drop in flux
with each subsequent scattering event. The profiles are
mostly similar in shape, although the multiple scatter-
ings show a slight enhancement around 5 keV, likely
from scattering off the outer disk since this is the peak
of the redshifted energy of the outer disk contribution in
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Figure 4. For a simulation with rBP = 15 rg, β = 15
◦ and
an observer located at φ = 270◦, θ = 75◦, the total reflected
flux (in black) is broken down based on the number of times
the contributing photons scatter.
Figure 3. To investigate this, we can look at the maps of
the accretion disk. In Figure 5, we show two images of
the disk: on the left is the net frequency shifts between
emission in the plasma frame and detection in the ob-
server frame for all detected photon beams, and on the
right is the apparent surface brightness of the disk, but
only from photon beams which scatter multiple times.
We see a significant asymmetry in the intensity from
the outer disk, with the majority coming from the part
of the disk inclined above the equatorial plane. This
is likely because photons do not have to bend as much
when they travel over the BH to encounter the inclined
outer disk as they would to encounter an unwarped disk
in the equatorial plane. This enhanced region of the
outer disk is orbiting away from observer, and based on
the left hand plot in Figure 5 this region has a shift of
∼0.8, which lowers the iron peak to ∼5 keV.
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Figure 5. Left: Map of the net frequency shift of photon
beams between emission and detection, and Right: intensity
map of the reflected emission from two or more scatterings
(right, logarithmic scale), both as seen by an observer at
10 000 rg.
Figure 6. Left: The contributions of multiply scattered
photons to the flux for an unwarped disk and Right: the
contributions for a warped disk with a 15◦ tilt, both as a
function of the observer’s inclination.
Figure 7. Left: The fraction of flux contributed by photons
scattering multiple times for several values of disk warp, and
Right: for several values of rBP.
In Figure 6, we compare the contributions to flux in
the unwarped and warped cases. On the left we plot the
fraction of flux between 1.5 keV and 10 keV from mul-
tiply scattered photons in an unwarped disk. At the
highest inclination shown (75◦), multiple scatterings ac-
counts for about 10 % of the total flux. For a warped
disk, shown on the right in Figure 6, flux fraction mod-
ulates with φ (thus with outer disk inclination), and the
degree of modulation increases with the inner disk incli-
nation. The contribution increases by almost 5 % at the
highest inclination when φ = 0◦.
To see how the flux fraction varies with the warped
disk geometry, we have plotted the fraction at 75◦ in-
clination for simulations with increasing values of rBP
and tilt. We find that the contribution is proportional
to β and inversely proportional to rBP, with the contri-
bution increasing to ∼18 % for rBP = 8 rg, almost twice
the value for an unwarped disk. Though the specifics
of these results are based on a rough estimation, clearly
disk warping increases the importance of multiple scat-
tering photons, especially when the disk tilt is large and
warp radius is small.
3.2. Shadowing of the Outer Disk
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Figure 8. Map of the frequency shifts between emission and
detection for an observer located at θ = 75◦, φ = 270◦. The
disk has tilt of 20◦, rBP of 15 rg, and lamppost height of 5 rg.
In Figure 9 we show g-maps of four observers around
a BH with the inner disk fixed at a 45◦ inclination. The
figure shows that the inner disk shadows the lamppost
emission reaching the inner edge of the outer disk that
lies below the inner disk (i.e. on the right in the φ =
90◦ g-map ).
This is even more apparent when the degree of tilt of
the outer disk is larger; in Figure 8, we show the g-map
for a tilt of 20◦. Almost the entire blueshifted portion of
the outer disk is shadowed. This should affect the iron
line profile from the outer disk, as the red or blueshifted
portion will be suppressed, depending on which region
of the disk is shadowed.
3.3. The Line Profile from Warped Disks
In Figure 10, we look at the iron line profiles for ob-
servers at four inclinations between θ = 25◦ and θ = 75◦
at azimuths all around the system. For the small rBP
value used here, the reflection off the outer disk con-
tributes significantly to the shape of the profile.
The tendency of a warped disk seems to be to smear
out the iron line further, though if the inclinations are
different enough two peaks may be visible. This tends
to occur around φ = 180◦, where the outer disk is seen
with its lowest inclination relative to the inner disk, and
thus the blue horn contributed to the line profile is at
its lowest energy. This is most obvious in the 60◦ incli-
nation plot (lower left) of Figure 10. The contribution
from the inner disk is peaked around 7.5 keV. Around
φ = 0◦, the outer disk is inclined at about 75◦, so con-
tributes less flux at higher energies. As the azimuth
approaches 180◦, the outer disk inclination approaches
45◦ and the blue horn shifts down in energy to just be-
low 7 keV, becoming clearly separate from the inner disk
contribution. Though in our simulated data these two
peaks are also distinct in the bottom right plot of 75◦ in-
clination, the higher inclination means that both peaks
are already smeared and are thus less sharply separated.
Looking at the profiles of φ = 90◦ and φ = 270◦, we
might naively expect them to be the same: their outer
disks have the same inclination and are simply rotated
with respect to the inner disk. The profiles, though,
show that the blueshifted contribution from the outer
disk is less prominent at φ = 270◦ – the region of the
outer disk orbiting away from the observer is elevated
above the inner disk and thus is irradiated more by the
lamppost, while the blue region is irradiated less as well
as shadowed.
Next, we examine the ways that changing properties of
the disk misalignment affects the reflected spectrum. In
Figure 11, we show the profile for four values of rBP, be-
tween 8 and 50 rg, for several different observers. These
four viewing angles exhibit the most salient features seen
in all the simulations. We vary the warp radius while
holding the tilt and lamppost height constant at 15◦ and
5 rg, respectively.
The azimuth from which the system is viewed clearly
has a strong effect on the reflected spectrum. At 60◦
inclination and 45◦ azimuth, where the inclination of the
outer disk is approximately equal to the inclination of
the inner disk (61.12◦), the profile is largely unchanged,
aside from some minor differences in the shape of the
peak.
When the outer disk has a lower inclination than the
inner disk, as in the top right at 60◦ inclination and
180◦ azimuth (iout = 45◦), the two visible peaks from
the inner and outer disk trade prominence as the warp
radius extends. Thinking about rBP as the “ISCO” of
the outer disk, as rBP extends further out this emission
peaks at lower and lower energies and contributes less
to the total reflected flux. This causes the energy of
the peak flux to shift from being contributed by the
outer disk to the inner disk, while in the middle they are
relatively equal. This trend is also seen in the bottom
left at 75◦ inclination and 135◦ azimuth, where the outer
disk is still less inclined (iout = 64.7
◦).
In the bottom right plot, the inner disk inclination is
75◦, the azimuth is 315◦, and the outer disk is nearly
edge on at iout = 85.8
◦. Here we do not see two peaks;
instead, as the inner edge of the outer disk rBP gets
larger, this emission from the outer disk moves to lower
energies, causing the peak to smear out. The the falling
edge of the Fe Kα peak remains in the same place, the
plateau of maximum flux extends, apparently pushing
the energy of the peak lower; this further broadening of
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Figure 9. Maps of the frequency shift factor between emission and observation for our default configuration. The inclination
of the inner disk is fixed at 45◦, and the azimuth moves around the disk. At φ = 180◦, the outer disk is inclined at 60◦, and at
φ = 0◦ it is inclined at 30◦.
the iron line may cause an overestimating of the spin of
the BH.
Figure 12 shows the profile for different values of the
disk tilt seen by the same observers in Figure 11. In
the top right and bottom left, where the outer disk has
a lower inclination than the inner disk, we see that in-
creasing disk tilt has the effect of shifting the blue horn
of the outer disk to the left, as higher tilt further lowers
the inclination of the outer disk. In the other two plots,
the increasing tilt serves to shift the outer disk emission
towards higher energies, though it is already obscured
by the peak from the inner disk.
Figure 13 shows how the profile changes with lamp-
post height. The taller the lamppost is, the larger the
break radius of the emissivity, and the more prominent
the contribution of the outer disk to the profile. This
is very clear in the top right plot, where at H = 20 rg
the entire profile from the outer disk is clearly separated
from the blue horn of the inner disk contribution.
3.4. Emissivity profile
Figure 14 shows the emissivity profile (i.e. the energy
flux ε of photons with an energy exceeding the energy
threshold for iron line emission) for the entire disk, as
well as the φ-dependent profile for just the outer disk
(in this case, rBP>15 rg).
There is a dip in the profile at rBP, so for fitting
the break in emissivity, we fit qin inside r = h or rBP,
whichever is smaller, (from ε ∝ r−qin) and qout outside
rBP or h, whichever is larger. For all simulated models,
the results are collected in Table 1.
4. FITTING OF SIMULATED IRON PROFILES
To determine how disk warping effects the spin mea-
surement of a BH, we have imported our profiles into
xspec (Arnaud 1996) and used them to generate sim-
ulated energy spectra. To make our profiles compat-
ible for fitting with relxill, we only use the profiles
from photon beams which scatter a single time. Sub-
sequently we fit them with the lamppost source version
of relxill, called relxill lp Garc´ıa et al. (2014). For
faking our simulation results as data in xspec, we use
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Figure 10. Line profiles for observers at different azimuth angles, including the four shown in Figure 9. The profiles are
normalized to the same energy flux above 6.4 keV and have been offset from one another for clarity. Each profile is labelled with
azimuth angle on the right hand side.
the Cycle 22 sample response files for the HETG instru-
ment on Chandra and bin the spectra with a resolution
of 10 eV. This resolution is similar to that of the mi-
crocalorimeter on the upcoming XRISM (XRISM Sci-
ence Team 2020) and Athena (Nandra et al. 2013) mis-
sions and we expect these results will prove more useful
once these two large effective area instruments are in
operation. For our relxill lp model, we fix the inner
and outer radius of the disk to the ISCO and 100 rg,
respectively; the cutoff energy to 300 keV; the reflected
fraction to -1 (so our model doesn’t include any of the
direct emission from the lamppost); and the redshift of
the source to 0. We freely fit spin, inclination, lamp-
post height, power law index, the ionization, and the
iron abundance, with each initially set to their simu-
lated value.
To verify that our code broadens the reflected en-
ergy spectra from xillver in a manner compatible with
relxill, we first fit our results for a flat, unwarped
disk. Figure 15 shows the results of these fits. In gen-
eral, the results are accurate, though not always within
the 90 % errors. The inclination specifically is under-
or over-estimated, though not by more than a degree.
Similarly, the spin can be under/over-estimated, though
it is still fit as highly spinning. We use these results as
the standard for how well the warped disk results are fit
by the relxill lp model.
We next fit our default warped disk model with xspec.
The plots of the results from these fits, including 90 %
confidence error bars, are in Figure 16. The goodness of
the fit depends on φ, with the best fit occurring around
φ = 90◦ and/or 270◦, where the outer disk inclination is
closest to the inner disk inclination. For these azimuths
at θ = 25◦, we find that h, Γ, log(ξ), and AFe are all
fit close to their true values. The spin, is consistently
fit too low, though it is still fit with high spin (∼0.75
– 0.85). This underestimation is greater than we found
for the aligned disk, which was only lower than the true
value by ∼0.05. At azimuths near φ = 0◦, where the
outer disk is more highly inclined than the inner disk,
the reduced χ2 tends to be reasonably good, but the fit
values poorly match the simulated values; this is partic-
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Figure 11. Line profiles for four different values of rBP, with a = 0.9, β = 15
◦, and h = 5 rg. On the right, each profile is
labelled with the radius of the warp rBP, between 8 rg and 50 rg.
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Figure 12. Line profiles for four different values of β, with a = 0.9, rBP = 15 rg, and h = 5 rg. On the right, each profile is
labelled with the tilt angle, between 0◦ and 20◦.
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Figure 13. Line profiles for four different values of lamppost height, with a = 0.9, rBP = 15 rg, and β = 15
◦. On the right,
each profile is labelled with the height, between 3 rg and 20 rg.
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Figure 14. Left: Radially dependent emissivity profile. The
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fitted with the indices qin and qout. Right: φ-dependent pro-
file for the outer disk (15 rg< r <100 rg), highlighting the
asymmetry caused by the lamppost being off-axis as well as
the effects of shadowing the outer disk by the inner disk.
rBP(rg) β(
◦) h(rg) qIn qOut
Default model
15 15 5 2.88 1.88
Varying transition radius
8
15 5
2.92 2.00
30 2.86 1.88
50 2.86 1.90
Varying tilt
15
0
5
2.86 1.98
5 2.87 1.99
20 2.89 1.83
Varying lamppost height
15 15
3 2.74 1.83
10 1.76 1.92
20 1.21 1.75
Table 1. Emissivity indices for inner and outer disks. We
show results for our default parameter values, and group the
remaining results into three groups for the varied parameter:
transition radius rBP, tilt β, and lamppost height h.
ularly true at θ = 25◦, where the height is half its true
value and inclination is off by 15◦.
In the case of the 45◦ inclination results in Figure
16, we observe that all parameters except the lamppost
height are fit rather well for the azimuths with good fits
(∼270◦ – 90◦). For 60◦ inclination the best fit appears to
be around φ = 270◦. Here, once again, the inclination,
power law index, disk ionization, and iron abundance
are fit very close to their true values, while the lamp-
post height and spin parameter are slightly off. For 75◦,
Parameter Simulated Value Fit Value
Reduced χ2 — 1.414
Null hypothesis — 2.13× 10−10
Lamppost height (rg) 5 2.006
+0.145
−0.0
Spin 0.9 0.811± 0.004
Inclination(◦) 25 36.694+0.241−0.227
PL Index 2.0 1.961± 0.004
log(ξ) 1.3 1.320± 0.002
AFe 1.0 1.300± 0.043
Table 2. Results of the fit for a warped disk with a single
relxill lp model.
the φ = 270◦ is among the azimuths with the lowest χ2,
though the best fit is actually at 315◦. As predicted from
the spectra in Figure 11, the fit is consistently overes-
timated because the profile has been broadened by the
contribution of the outer disk.
The overall result seems to be that there is difficulty
finding a good fit for out data with relxill lp when the
angular momenta axes of the two disks appear aligned
to the observer (at φ = 0◦ and φ = 180◦), likely because
these viewing angles are where the tilt manifests to the
observer entirely as difference in inclination. For other
azimuths, where the difference between the inclinations
of the disks is smaller (i.e. close to φ = 90◦ or 270◦),
there can be a reasonable fit with parameters close to
their true value, especially at higher inclinations.
Next, we will explore the possibility of fitting our data
with a two-component relxill lp disk and see if it
yields better results.
4.1. Fitting with a Two-Component Disk
An obvious choice to improve the fitting of a warped
accretion disk is to use a two-component relxill model.
For an illustrative example, let us examine the xspec fit
for 25◦ inclination from 45◦ azimuth, shown in Figure
17. The data shows a spur at 6.4 keV, which a single
relxill lp model is unable to account for. From this
fit, we get the values displayed in Table 2. In particular,
the fit values for inclination and lamppost height are
significantly off.
We find that a two-component relxill lp gives
higher-accuracy estimates of the simulated system pa-
rameters than a one-component fit. We perform the
two-component fit by adding two relxill lp models in
xspec. We tie the spin, lamppost height, and power law
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Figure 15. For an unwarped disk, we show the xspec results obtained with relxill lp for all φ values. In purple are the fit
values with 90 % confidence error bars; the points are connected by a dotted line for clarity. The dashed grey lines show the
simulated parameter values.
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Figure 16. For an warped disk with tilt β = 15◦, we show the xspec results obtained with relxill lp for all φ values. The
formatting is the same as in Figure 15. Note: for φ = 180◦ at 45◦ inclination (the middle point in the top right plot), xspec
was unable to calculate errors with all of these parameters varying freely. We instead froze the lamppost height at 2 rg, its best
fit value, and thus there are no error bars on this point.
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Figure 17. xspec fit with a single relxill lp disk model
with 25◦ inclination and φ = 45◦.
index for the two relxill lp models together. Further-
more, we tie the outer radius of the first relxill lp
model to the inner radius of the second model. For
the inclination of the outer disk, we tie it to inner disk
inclination with Equation 1, using the simulated values
of the tilt β and observer azimuth φ. Note that these
angles would not be known for actual systems. We do
not fix the outer disk ionization and iron abundance to
the inner disk values; we expect that the asymmetric
illumination due to the lamppost being offset from the
outer disk angular momentum and shadowing by the in-
ner disk may cause these values to be poorly fit. Thus,
the values that we are fitting for the two component
model are: lamppost height, BH spin, θ, rBP, Γ, inner
log(ξ), inner AFe, outer log(ξ), and outer AFe.
Figure 18 shows the result of the two-component fit,
which has much better residuals. The results from this
fit are collected in Table 3, and should be compared to
the results from the one-component fit in Table 2. The
lamppost height and inclination results are much closer
to the simulated results than in the case of the one-
component fit. A possible explanation for the too-small
lamppost height is that the tilted geometry results in
the corona being closer to the elevated side of the outer
disk than in a the case of a fully aligned flat disk. The
spin is fit with roughly the same value as the single disk
model, still slightly lower than the simulated value. Also
noteworthy is that the fit recovers the location of the
transition radius rBP. In terms of disk composition, the
iron abundance was slightly overestimated by the single
Figure 18. xspec fit with a double relxill lp disk model
with 25◦ inclination and φ = 45◦.
relxill lp model but is accurate for both the inner and
outer disks in the double relxill lp model. The ion-
ization, though, was accurate in the single relxill lp
model, but the double model accurately fits the outer
ionization while slightly underestimating the ionization
of the inner disk.
When we remove the constraint on φ and β based on
the simulated value, we find that across all azimuths the
fit recovers the simulated values with about the same
accuracy as with the constraint. The outer disk incli-
nation, though, can be off by as much as 20◦ at φ =
180◦, and so we leave the constraint on φ and β for the
remaining fits.
We have fit the simulated data for all azimuths with
the double relxill model as in Figure 18, and plot the
results in Figure 19. The general trend continues that
the two-component model fits the simulated data much
better than the one-component model, specifically with
regards to the lamppost height and inclination, though
the spin is still underestimated for some azimuths.
5. CONCLUSIONS
In this paper, we have shown the effect that disk warp-
ing has on the profile of the fluorescent iron line from
BH accretion disks. Though we have focused on AGN,
our method is valid for binary black holes as well.
We have estimated the impact of multiple scatterings,
finding that their contribution to the iron line flux is
stronger for warped disks than unwarped disks. The
impact of the multiply scattered photons on the iron line
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Figure 19. Results of fitting our simulated data with a double relxill lp model in xspec. For log(ξ) and AFe, the purple
points indicates the inner disk result and the orange indicates the outer disk. We do not fit φ = 0◦ at 75◦ inclination (the
bottom right plot) because the outer disk is viewed exactly edge on at 90◦, and the relxill lp model is only valid up to 87◦.
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Parameter Simulated Value Fit Value
Reduced χ2 — 1.037
Null Hyp. — 2.64× 10−1
Lamppost height (rg) 5 4.061
+0.345
−0.988
Spin 0.9 0.790+0.023−0.022
Inclination (◦) 25 24.294+0.519−0.610
PL Index 2.0 2.051+0.023−0.024
Inner log(ξ) 1.3 1.083+0.104−0.054
Inner AFe 1.0 0.949
+0.276
−0.068
rBP (rg) 15 16.294
+3.010
−1.160
Outer log(ξ) 1.3 1.299+0.020−0.196
Outer AFe 1.0 1.014
+0.791
−0.259
Table 3. Results of the fit for a warped disk with a double
relxill lp model, showing the simulated value and the fit
value where iout is constrained by the simulated values of β
and φ.
shapes seems to be small though. More detailed studies
taking into account the impact of the radiation on the
ionization state of the disk photosphere are needed to
quantify the effect of multiply scattered photons on the
inferred spin and inclination parameters.
We find that fitting the warped disk data with a
standard single disk relxill model can lead to un-
der or overestimating the black hole spin and inclina-
tion parameters by tens of percents, especially for view-
ing angles near φ = 0◦ and φ = 180◦ where the warp
leads to very different inclinations of the two disks. We
have shown that by using a two-component relxill lp
model, the spin, inclination, and corona height can be
estimated with higher accuracies, and that this method
can also estimate the inclination of the outer disk and
the radius of the warp between the inner and outer disks.
Using two-component relxill lp models will become
more important for the analysis of the high-throughput,
excellent energy resolution energy spectra that the up-
coming XRISM and Athena missions will deliver. Even
though our simulations were done with the resolution of
XRISM and Athena, the disk warping may already show
in the data from current satellites. This is particularly
true for systems for which the inclinations of the two disk
components towards the observer differ significantly (0◦
at 25◦ inclination in Figure 10).
There are several potential targets for observation
which may exhibit reflected power law emission from
warped accretion disks. Ingram et al. (2017) explain
the quasi-periodic oscillation (QPO) from H 1743-322 as
the result of asymmetric illumination of the disk, which
may be a result of disk warping. Their best fit result
gives an inner disk radius of 31.47+5.83−3.66 rg. This could
be the location of rBP, or it could be that the inner flow
within this radius is not dense enough to contribute sig-
nificantly to the iron fluorescence. Based on their form
of Equation 1, they show that β = 15◦ is consistent with
the data within 0.5σ.
Recently, Connors et al. (2019) analysed ASCA+RXTE
data of XTE J1550-564 during a 1998 outburst in the
hard-intermediate state. Using the latest relxill mod-
els, they found the inclination of the reflection region
of the disk to be 40◦, disagreeing with previous mea-
surements that the jet is inclined at 75◦ (Orosz et al.
2011). Though disk warping may be the cause of this
disagreement, they suggest alternatives such as a thick
inner disk. Further work confirms this low inclination,
suggesting that XTE J1550-564 may indeed contain a
warped disk (Connors et al. 2020).
Fitting the H 1743-322 and XTE J1550-564 data with
the warped disk models described in this paper would
be a worthwhile activity.
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